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Abstract

Appendix A contains examples of sponsored Instagram posts. Appendix B

presents formal proofs of all results.



Appendix A: Influencer Examples

Shutthekaleup Instagram Content (Non-sponsored Posts)

< shutthekaleup & Q

3,667 355K 888
Posts Followers Following

Jeannette Aranda
Public figure
& #stku




Shutthekaleup Food Endorsements (posted in 2017)

‘ shutthekaleup &
Pressed Juicery shutthekaleup @ .o

W Qv W
@ Liked by shelby_olver and 6,252 others 6,775 likes

shutthekaleup DRIZZ ME &

and you better believe i used my own code &3
today's the very last day to get your $1 freeze... more

shutthekaleup ****** giveaway closed********
how the hell has this not happened yet ) &
MY FAVORITE BAR, @perfectbar and i need... more



Shutthekaleup Non-food Endorsements (posted in 2018 and 2023)

shutthekaleup @
Paid partnership with adidas ses SHUTTHEKALEUP
Adidas Headquarters < Posts

©oQv n

3,032 likes
. shutthekaleup My mom has taught me to look for
17,323 likes the silver lining in tough situations. Learn to accept
shutthekaleup with THE THREE STRIPES is how i live things as they are. Time is precious and we... more

Retrieved May 14, 2023, https://www.instagram.com/shutthekaleup/



Shutthekaleup Instagram Followers over Time
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Data Sources: Shutthekaleup’s first Instagram post (1/4/2015), Wayback Machine (5/31/2015 and
4/30/2016), Marina Elaine Gunn blog post (11/15/2016), Natasha Cipriani blog post (3/5/2017),
Forbes article (2/9/2018), NotJustAnalytics.com (monthly data from 6/1/2018 to 11/1/2023)



Carlos Alcaraz BMW Endorsement (posted in 2023)

CARLITOSALCARAZZ
< Posts
i 14 Comments
carlitosalcarazz @ .
e Paid partnership with bmwespana

View 2 more replies

c.julian_one 9w

%% Te gusto Alcaraz, pero ahora, seguirte
sobre insta se parece mas a seguir una
publicidas infinida que un jugador de
Tennis. Im from France, sorry if my
spanish wasn't great, and no offense
meant, but maybe more tennis and less
brands on you're insta account?

o S 5likes Reply See translation

_?g camilasalazarmujica 9w

: @c.julian_one That's how tennis
works these days.... Sponsors.
Without them, you are nobody...

2 likes Reply

@ c.julian_one 9w

@camilasalazarmujica For some
players yes, but for Alcaraz, he's
the legend of the 2022 season and
clearly has more than enaugh prize
money right now, and more to come

1like Reply

. . silvial.h.salguero 8w
o O v . N @c.julian_one no lo sigas
130,329 likes
carlitosalcarazz Aunque dentro de la pista no
devuelve las , el BMW Serie 1 que me ha dejado
@bmwespana hace gue la llegada v la salida... more

1like Reply See translation

(The last comment in Spanish: “Do not follow him.”)

Retrieved May 19, 2023, https://www.instagram.com/carlitosalcarazz/



Emma Raducanu Porsche Endorsement (posted in 2022)

< Posts
4 Comments

3
1 @ porsche and emmaraducanu ek

R tribal_chief1994

’t} Standard sellout, famous for 5 minutes
and sucking up for any advert you can
get. You sell your soul and keep sacking
coaches, you won't like the result...just
like almost every one of your tennis
matches!

@‘% aggiecooks
LOL....I mean, not really. She is just
getting started with her tennis
career. And also, almost all tennis
players capitalize on sponsorships.
It's the way of the game now
because they need to make money
somehow especially if they don't
WIN matches.

% tribal_chief1994

Lol well you're right about one
thing, she certainly isn't winning
enough matches to satisfy her
greed. But maybe instead of doing
stupid adverts she should focus on
finding a way to win those
O Q V - N matches...and stop sacking
coaches every other week.
Overrated, overhyped, spoilt brat.

03 Liked by irina.bara and 222,141 others

porsche "Porsche has always been in my head. It's
one of the brands that I've always loved from a
young age.” We are delighted to announce...

Retrieved June 12, 2023, https://www.instagram.com/emmaraducanu/



Appendix B: Proofs

Proof of Lemma 1

We will compute an upper bound on the difference between V(A; + €) and V(A;)
when A; > % For u > t, define gu and A, as the awareness at time v if the influencer
starts at time ¢ with awareness A; +¢€ and Ay, respectively, and follows the policy that
would be optimal starting with awareness A; + €. For any given policy, awareness is
strictly increasing over time, which ensures Eu > A, for all v > t. Furthermore, the
growth rate is decreasing in awareness for A; > %, which implies ﬁu — A, decreases
over time. Because the initial difference in awareness is €, ﬁu — A, < eforall u>t.
Because 7, equals either A, or vA,, the value increase from permanently increasing
¢

awareness by € would be less than or equal to £, so the actual value increase from

increasing awareness by ¢ is less than this amount. QED

Proof of Lemma 2

Being inauthentic at time ¢ increases instantaneous profits by (y¢ — 1)A;. Being
authentic at time ¢ increases the growth rate of awareness by (1 — v)BA(1 — A;).
Lemma 1 guarantees the first derivative of the value function with respect to awareness

is less than % for A; > % Therefore, the influencer prefers to be inauthentic if A; > %

and (v¢ — 1) > (1—7)8(1 — A)L. QED

Proof of Lemma 3

If the influencer is always inauthentic starting at time ¢, then for time u > ¢, awareness
grows according to d(‘% =vBA.(1 —A,). This differential equation has the following

solution:



A = ! (14)

14+ (%) e—1B(u—t)

t

aa,  B(5)e -

2
EECTEED

To verify this solution, one can differentiate (14) and check that (15) is the

derivative, and note these equations also satisfy dc’li“ = vBA,(1 — A,). Finally, if

we set u = t, we can confirm that (14) equals A;.

If the influencer is inauthentic, then 7, = y¢A,. Therefore, the value function is:

o0 —r(u—t)
V(A) = / ‘ 0% du (16)
u=t [1 + (%)e—vﬁ(u—t)}

QED

Proof of Proposition 1

If v¢ < 1, being authentic leads to higher current profits and faster growth, so the
influencer is always authentic.

If v¢ > 1, Lemma 2 guarantees the influencer eventually becomes inauthentic.
However, the derivations in the body of the paper show that, if Ay is sufficiently
small and Condition 1 holds, the influencer cannot always be inauthentic starting at
awareness Ay because she would prefer to deviate from this policy and to be authentic
for a period starting at time zero.

The only remaining step is to show the influencer may start by being authentic
to grow quickly and then switch to being inauthentic to generate more profits, but
can never change policies in the other direction and go from being inauthentic to

authentic.



Define A* as the awareness level that solves (1 —~)5(1 — At)dv () — (vp—1) for
A; = A*. When this equation holds, the additional value of faster growth from being
authentic exactly equals the value of greater immediate profits from being inauthentic.

The derivative of the value function if the influencer is always inauthentic, denoted

by dV (Ay)

74, i1 equation (3), is decreasing in A;. Therefore, for all A, > A*, we have

(1=7)B(1-A4,)=; dV(At < (y¢—1), which implies the influencer always stays inauthentic
for awareness levels higher than A*.

We now show the influencer is authentic for all awareness levels below A*. Suppose
the influencer is authentic starting at time ¢ and then switches to being inauthentic
at time u*, which is chosen as the time at which A; = A*. Similar derivations to
those in the proof of Lemma 3 show that, on the time interval u € [t, u*], awareness

The value function is then:

. . 1
is given by A, = )
g Y Ay 1+( 1;‘;4,5 )6_/3(u—t)

V(A) = / ‘ e du + e "DV (Ay) (17)
[H (15 Y-t “}

When differentiating this value function, the envelope theorem implies that the
change in the optimal u* has only a second-order effect, so we can simply differentiate
each component. Taking second derivatives shows that the profits on the interval
[t,u*] are concave in A;, and A,« is also concave in A;. We have already shown that
the function V is concave. Therefore, the second derivative of V(A;) is negative.

Finally, if it is optimal to be authentic for awareness level A;, that implies
(1—=7)p(1—A)V'(As) > (v¢ —1). Given that V'(A;) is decreasing in A, this
inequality must also hold for all awareness levels less than A;, so it must also be
optimal to be authentic at lower levels of awareness. Thus, if it is ever optimal to be
authentic, then the optimal policy is to be authentic starting at awareness level A
and then switch to being inauthentic at the awareness level stated in the proposition.
QED
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Proof of Lemma 4

We will compare V(A; 4+ €) with V(A;) for small ¢ and show that the difference
V(A;+€) — V(A;) is decreasing in a.

For u > t, let Zu and A, denote awareness at time u if the influencer starts
with awareness A; + € and A;, respectively, and follows the policy that is optimal
starting with awareness A;. For sufficiently small €, the difference in the optimal
policy starting at A; + € versus A; has only a second order effect, and the envelope
theorem implies we can perform comparative statics on the difference in profits from
these starting points using the same policy.

If the influencer is authentic at time wu, the equation of motion is
A — (a4 BA,)(1 — A,), so the rate of change in the difference between A, and

U

d
A, is given by:

If the influencer is inauthentic, each term f is replaced by ~/3. For a given difference
A\u — A,, the first term in this equation is decreasing in a. Furthermore, for a given
policy, the value of A, increases with a due to faster growth, so the second term in
the equation also is decreasing in « for a given value of /Alu — A,. Thus, for all u >t
the resulting gap in future awareness and future profits based on an e increase in
awareness at time t is decreasing in «. Furthermore, the envelope theorem implies
the effect of an increase in « on the optimal policy has only a second order effect on

the value function, so the derivative of the value function with respect to awareness

is also decreasing in a. QED
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Proof of Proposition 2

As in the main version of the model, it is optimal for the influencer to be inauthentic
if (y¢—1) > (1—~)B(1 —A;)V'(A;). Lemma 4 shows that V'(A;) is decreasing in «.
Therefore, when « increases, the right side of this inequality decreases, which causes

the influencer to become inauthentic at a lower level of awareness. QED

Proof of Lemma 5

If the influencer is always authentic starting at time ¢, then for time u > t, awareness
grows according to % = BA,(1 — A,) — zA,. This differential equation has the

following solution:

A, = (21)

. (B-2) (%)ewﬂcxw)
du - B I—Atﬁ% . 2 <22)
5+ (5 et

To verify this solution, one can differentiate (21) and check that (22) is the
derivative, and note these equations also satisfy % = A, (1 —A,) — zA,. Finally,
if we set u = t, we can confirm that (21) equals A;.

If the influencer is authentic, then m, = A,. Therefore, the value function is:

o 00 e—r(u—t)
T(A) = / _ du (23)
u=t [% +< jﬂ—w>e—(5—m)(u—t)i|

QED
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Proof of Proposition 3

We will show Condition 2 ensures the influencer never has an incentive to deviate
from the policy of being authentic.
To compute the marginal value of awareness given a policy of authenticity, we

differentiate the value function (23) with respect to awareness:

4 o0 ~(r+8—a) (u—t)
dV(A) _ / e " (24)

dA; “t [ + (1= Ay e o-a0-0)] ’

The influencer has an incentive to maintain her policy of authenticity at awareness

level A, if:
dV (A,)

(1 —=7)B(A)(1 — A) dA,

> (v — 1A (25)

We first show the influencer stays authentic at the maximum feasible awareness

level A; = B’%x Evaluating (24) at this level of awareness, we have dvd(;:t) = - +,é—z'

Furthermore, 1 — A; = % Inserting these values into (25), we find this inequality is
equivalent to Condition 2, so the influencer stays authentic at the maximum feasible
awareness if this condition holds.

Because (1 — A;) and % are both decreasing in A;, Condition 2 ensures (25)

holds and the influencer also stays authentic for all lower levels of awareness. QED

Proof of Proposition 4

As shown in the body of the paper, as A, — 0, the increase in profits from being
inauthentic converges to vz(¢ — 1), and the increase in rate of viral posts from

being inauthentic converges to u(l — 0)v. We now need to show that the value

AV (Ay)
dA;

of the increased growth rate from being authentic, given by (1 —~)5A:(1 — A;)
approaches zero as A; — 0. To see why this is true, note that the growth rate of

awareness based on current followers is bounded below A, for all A;. Therefore, for
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any positive value A, the increase in instantaneous profits based on an increase in
awareness of size € remains less than A for a length of time that diverges to infinity
as € — 0, which implies that the value of this awareness increase approaches zero
as € = 0. Thus, as A; — 0, we have At% — 0. We have shown that the effect
on profits from being inauthentic converges to vz(¢ — 1) whereas the value of faster
growth from being authentic converges to zero as awareness approaches zero, which
implies the influencer is inauthentic for sufficiently small awareness.

As A; — 1, the effect of authenticity on awareness growth approaches zero, the
effect of a viral post on awareness also approaches zero, and the effect of being

inauthentic on current profits converges to v¢ + vz¢(1 — v) — 1, so the influencer

is inauthentic if this effect on profits is positive an authentic otherwise. QED

Proof of Proposition 5

As A.; — 1, the effect of being inauthentic on current profits from the core segment
approaches v¢. — 1. As A,,;, — 1, the effect of being inauthentic on current
profits from the mainstream segment approaches v¢,, — 1. For both segments, the
effect of authenticity on awareness growth eventually approaches zero. Therefore,
for sufficiently high awareness with both segments, the influencer is inauthentic if

Yoo + YPm > 2 and authentic otherwise. QED

Proof of Proposition 6

The effect on profits from endorsing a product with bad fit is wU F;. For the influencer
to commit to reject such an offer, the reduction in value from moving to the bad
equilibrium must exceed these profits. The value of staying with the optimal policy is
greater than or equal to the value of staying with a policy of always being authentic,

which we denote by V(A4,). Denote the value of the bad equilibrium by V(A,). For
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u > t, let A, denote awareness at time u given the policy of always being authentic
starting at time ¢, and let ﬁu denote awareness at time u if the influencer moves to
the bad equilibrium and begins endorsing all products at time ¢. The profit difference
between these policies at time u is A, — ?&EA\U Awareness grows over time under
both policies and is always greater under the policy of being authentic, which implies
A, — ﬁgggu > (1-— ?QAS)At. The value of permanently increasing profits by (1 — ?gg)At
is % times this profit difference. Therefore, given the condition of the proposition,
177% > wU , the value increase from staying in the good equilibrium exceeds the
profits from endorsing a product with bad fit, and the influencer can commit to the

optimal policy in equilibrium. QED
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